ABSTRACT
Introduction
Because the electron mass is negligible in comparison with masses of atomic nuclei, substances, i.e. atoms and polyatomic bound systems -molecules or condensed matters -can be considered as one-electron systems in almost stationary self-consistent electric field generated by nuclei fixed at their equilibrium positions and spaceaveraged electron charge density. For this reason, electronic structure, which includes both electron energy spectrum and electron density space distribution, determines practically all principal physical properties of a substance. From its part, theoretical prediction of the substance electronic structure should be primarily based on the inner electric field potential, so that appropriate choice of the initial potential for such kind calculations greatly increases their accuracy.
When isolated atoms associate forming molecular or condensed forms of substance only part of electrons (called as valence electrons) redistributes. And what is more, corresponding changes in the electron density distribution are so weak that usually a simple superposition of the free atom's radial potentials centered at the corresponding sites of the atomic structure serves as a good initial approximation of the inner potential in any polyatomic system. At the worst, initial inner electric field potentials can be presented by superposition of the atomic-like radial potentials with different centers. Thus, in this line the key problem consists in construction of the effective atomic potentials in relevant functional form.
Relatively recently, with that end in view we have proposed piece-wise analytical and, in particular, steplike radial atomic potentials obtained within initial quasiclassical, i.e., semiclassical approximation. They have been successfully used in binding energy and electronic structure calculations carried out for some polyatomic systems like the sodium diatomic molecule and crystals [1] , boron-containing diatomic molecules [2, 3] , and mainly for boron nitride molecular, crystalline, and nanostructures [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In addition, semiclassical interatomic boron-boron pair potentials have explained some groundstate parameters of the boron nanotubes [17] [18] [19] , as well as main features of the isotopic effects in boron-rich solids [20] [21] [22] [23] .
But, above cited studies exploited semiclassical potentials only of certain, namely, some light atoms, whereas full-scale calculations performed for any wide class of materials need a quantity of appropriate effective atomic potentials. Present work aims to build up semiclassical atomic potentials for the stable chemical elements in most convenient form of radial step-like functions.
The paper is organized as follows. At first, sense of the semiclassicality for the substance-electron-system is clarified. Then, a semiclassical parameterization scheme is introduced for charge distributions in atoms and atomic potentials as well. Next section presents results and brief discussion of the performed numerical calculations based on fitting of the semiclassical electron-energy spectra with these obtained from first principles. And finally, accuracies of the constructed step-like radial atomic po-
Substance as a Semiclassical Electron System
Beginning from Bohr's fundamental work [24] semiclassically describing electronic spectrum of the oneelectron hydrogen-like atom with Coulomb potential up to nowadays, similar analysis is widely used for light atoms. Due to exact quantum-mechanical solvability of the Coulomb potential, exact wave functions of electronstates in a hydrogen-like atom can be obtained directly from the corresponding classical orbits [25] . And therefore, quantum dynamics of the electron in a hydrogen-like atom is wholly expressed by its classical dynamics. Classically a two-electron helium-like atom can be represented as a pair of electrons placed at the opposite ends of the straight line with nucleus at the midpoint (see e.g. [26] ). This classical model added with quantization condition for electron orbital moment leads to the almost hydrogen-like electron energy spectra, where atomic number Z is substituted for the reduced value Z-1/4 (it means that another electron effectively screens nuclear electric charge). Ground state energies calculated from the obtained relation for some helium-like systems differ from the experimental ones only by 3-6% [27] . Even entirely classical model of helium atom can be successfully explored numerically to obtain its possible configurations [28] : most of the orbits are found to cause autoionization via chaotic transients. As for the modern semiclassical approach based on the conception of periodic classical orbits, it allow visually interpret physical meaning of special quantum numbers inherent to this three-particle system between ground and fragmented states [29] .
For many-electron atoms, a reasonable accuracy can be achieved in terms of the self-consistent-field approximation, within which a minimum of the total energy is sought in the class of quasi-classical wave functions [30] . As is well known, many-electron systems such as heavy atoms are characterized by some quantum properties like the electron-shell effects, fluctuations in parameters' values, discrete electron energy spectrum etc, which are averaged and, therefore, invisible in semiclassical atomic models. However, it was demonstrated that semiclassical treatment of the atomic many-electron system, when it is combined with information-theorymethod, reveals resources to describe such kind effects as well [31] .
It was demonstrated how based on purely classical notions it is possible to reproduce general trends in inelastic scattering atomic form-factors dependences upon quantum numbers [32] . Besides, starting from classical relations together with energy conservation law and classical-quantum correspondence principle, it was found expressions of intensity-distribution and line-width of the electron-ion recombination X-ray spectrum, which is in unexpectedly good agreement with these resulted from the accurate quantum-mechanical calculations [33] .
Semiclassical quantization rule leading to the exact electron energies in a hydrogen-like atom with Coulomb potential at the same time provides good accuracy of the valence electron energy value in a many-electron atom with model potential in form of sum of the nucleus Coulomb potential and a screening term [34] . Substitutions of the electron quantum numbers for their analogues in Thomas-Fermi semiclassical statistical model of atom can be applied for investigation of the excited and ionized electron states [35] . Semiclassical electron energy spectrum of Thomas-Fermi atom, which was described in terms of an effective kinetic energy obtained from the corresponding quantization rule formulated in momentum space, was found to agree essentially with that in the standard formalism employing an effective potential energy [36] .
Semiclassical evaluation of sums over quantum numbers of electron states in many-electron atoms is known to be an effective tool of obtaining of the integrated atomic characteristics (see e.g. [37] ) like the shell and subshell electron densities [38] or averaged electron momentum density [39] in atoms etc. Introducing of the semiclassical self-consistent intra-atomic electric field yields the relative error not more than 2 2 / 1 n  in determining of the electronic energies, where n is the principal quantum number of the highest occupied electron state [40] . Then, accuracy of the semiclassical approximation should quite satisfactory even for light atoms.
Effectiveness of the Bohr-type analytical models to the description of the periodic motion of electrons in smallsized molecules also was demonstrated [41] . For a long time, semiclassical asymptotic form was known to provide a fundamental device for studying quantum systems in which non-perturbative effects play an essential role. But, the crucial step was advanced for the bound-state quantization of fermions few-body systems such as molecules. Semiclassical quantization rules were successfully applied to describe elastic interatomic scattering [42] in spectroscopy of diatomic molecules [43] . Using path integration as a relevant mathematical tool for semiclassical asymptotic form it was obtained semiclassical quantization rule for the periodic mean-field solutions [44] . Therm energies of diatomic K 2 molecule calculated by the semiclassical method showed absolute deviations of only ~ 0.05 cm −1 from the quantum-mechanical results [45] . Same approach was found to be a strong method for generating the interatomic potential energy curve for diatomic molecules. It was provided a semiclassical description of the shell-structure in fermions-system: level densities and shell-corrections were obtained from the periodic orbit theory [46] . The semiclassical quantification method has raised increasing interest in relation to approximated method in various physical systems such as not only atoms, but molecules etc. It would serve as a general device for evaluating the bound-state spectra, once the exact or approximate solutions for the meanfield equation are known. Usually, different methods all use only periodic and/or non-closed quasi-periodic classical orbitals as basis for the quantization. Contrary to them, in [47] it was introduced an adapted version of the semiclassical quantization method applied to molecular orbitals into path integrals formalism, and it also gives an alternative procedure for the calculation of the electronic correlation energy of a molecular system.
Primitive semiclassical treatment even reveals existence of a classical contribution to the chemical bond in small molecules: ground state electron is found to be exchanged classically between two nuclei [48] . Proceeding classical limit for a one-electron orbital model of such many-electron systems with electron periodic motion leads to visualization of its quantum description [49] . Quantum description also can be introduced starting from the formal correspondence between classical harmonics of an electron periodic motion and its quantum jumps, i.e. Fourier-analysis added by the simple quantization condition directly yields steady-state electron energies [50] . Even formation of the electron spin, which is considered as essentially quantum characteristic, can be explained within a classical model [51] .
In case of multidimensional systems, the globally uniform semiclassical approximation for energy eigenstates can be derived explicitly [52] . This is a true semiclassical approximation producing almost accurate wave functions providing with considerable degree of overlap (more than 0.98) between semiclassical and exact quantum eigenstates. Semiclassical method of calculation was used to describe electronic super-shells in metallic clusters [53] . Later, it was supposed a general method of the quasiclassical spectral analysis useful for central potentials with Coulomb singularity or finite value at the center which are characteristic for isolated atoms and spherical clusters, respectively [54] . Atomic clusters and condensed phases can be calculated in framework of the density-functional theory (DFT) using a quasi-classical expansion of the energy functional [55] .
However, as substance is considered as a non-relativistic electron system affected by the external field of nuclei fixed at their sites in structure, its inner potential do not satisfy the standard Wentzel-Kramers-Brillouin (WKB) quasi-classical condition on spatial smoothness due to singularities at nuclear sites and electron shell effects. The success of the above approaches can be explained on the basis of the quasi-classical expressions obtained by Maslov [56] for the energies of bound electronic states. It follows from these expressions that the exact and quasi-classical spectra are similar to each other irrespective of the potential smoothness at 1 2
where 0  and 0 R are the characteristic values of the potential and its effective range, respectively (hereafter, all relationships will be given in the atomic system of units (a.u.)).
Semiclassical Parameterization of the Electric Charge Density and Electric Field Potential Distributions in an Atom
The semiclassical parameterization of the atomic electric charge density and electric field potential distributions (see e.g. [57] 
where
is the effective charge of the nucleus screened by other electrons' cloud dependent on the electron-state principal quantum number i n and its energy 0  
As a result, we obtain 
Now, we sum up such potentials over electrons. As a result, the terms independent of the electron number on the right-hand sides are multiplied by the total number Z of electrons in the atom and the sum of the potentials ) ( r i.e. in this case, effective field of the interaction between nucleus and electron cloud also turns out to be a Coulomb-like field.
Nucleus charge equals to Z  and in the ground state its relative (to the electron cloud) motion corresponds to a zero orbital quantum number. Therefore, the radius of one classical turning point for nucleus is equal to 0 and the radius r of another turning point is a root of the equation
where Ẽ is the eigenvalue of the energy associated with the relative motion electron cloud and nucleus. Under the assumption that the nucleus has an infinite mass the reduced mass of the system nucleus -electron cloud with Z electrons equals to the cloud total mass Z. Therefore, energy and, consequently, turning point radius for the nucleus motion with respect to the electron cloud are given by the formulas
The semiclassical, i.e., initial quasi-classical approximation implies that exponentially decaying partial electron densities are disregarded in the classically forbidden regions and that oscillations of these densities are ignored in classically allowed regions. As a result, the radial dependence of the direction-averaged partial charge density of the i th electron state in atom is represented by a piecewise constant function: 
A similar averaging for the nucleus motion with respect to the electron cloud nucleus is equivalent to averaging the nuclear charge over a sphere of radius r : Summation of similar contributions gives the distribution of the total density of the electric charge in the atom in the form of a step radial function
where ρ k are constants determined from the radii of the classical turning points and R k coincide with these radii.
is the number of layers with uniform charge densities. Parameter q R plays the role of the quasi-classical atomiic radius (the charge density is equal to zero at q R r  ).
Mathematically, this representation is equivalent to the volume averaging in layers
Next, we calculate the fields induced by the charged layers with densities k  on the basis of the Gauss theorem and sum these fields. Then, the atomic potential can be written in the form of the continuously differentiable piecewise analytical function 
However, since the energy of the electronic system is a single-valued functional of the electron density, it is expedient to approximate the above potential by a step function too. Averaging over the volume can adequately perform this:
Tables
The numerical values of parameters k R , k  , and k  can be found by fitting quasi-classical energetic levels i E to the Hartree-Fock (HF) ab initio ones [58] . Results of calculation are presented in Values are shown with seven significant digits in accordance with the input data (HF energies) accuracy. Such high accuracy is useful in interim calculations. As for the final results, they should be expressed in round numbers to the three or four significant digits because the relative errors of the semiclassical calculations aiming to found structural and energy parameters for polyatomic systems usually make up a few percent. 
From the presented results one can drew following conclusions. In accordance with well-known ionization potential -atomic number relationship, quasi-classical atomic radius R q reveals a quasi-periodic dependence upon the parameter Z with maxima at hydrogen H and typical metals (including all alkali elements) Li, Na, Al, K, Ga, Rb, Ag, In, Cs, Tl corresponding to the atomic ionization potentials' minima. Figures 1  and 2 , respectively. Electric-charge-density reveals sharp and positive main maximum in the vicinity of center, which corresponds to the nucleus vibrations' region, broad negative minimum, which corresponds to the electron-density main maximum located at relatively short distance from the center, and a few extremes at relatively long distance, which are characteristic for the shellstructure of atoms. As for the electron-potential-energyfunction, anywhere it is negative and monotonously rises. Thus, it posses only minimum at the center (an additional minimum may be revealed in effective-potential-function). Of course, behind the atomic radius both ) (r  and ) (r   functions in the step-like presentation are identically zero.
Accuracy of Binding-Energy and Electronic-Structure Calculations Based on Radial Step-Like Atomic Potentials
It is not out of place to consider accuracy of the binding energy and electronic-structure calculations carried out within the semiclassical approximation, i.e. on the basis of above introduced radial step-like atomic potentials. It is most convenient to estimate the method accuracy for Because differences between semiclassical electron energies are negligible if compared with their depth, one can suppose that approximately all of them coincide with Fermi-energy, F E  . In that case, the product ) 1 (  l l also should be substituted for its standard semiclassical expression 2 
